In the context of quantum communications between two parties (here Alice and Bob), Bob's lack of knowledge about the communications channel can affect the purity of the states that he receives. The operation of applying an unknown unitary transformation to a state, thus reducing its purity, is called "twirling". As twirling affects the states that Bob receives, it also affects his perception of the operations that Alice applies to her states. In this work we find that not every operation is representable after a twirling, we show the minimal requirement for this to be possible, and we identify the correct form of the "twirled" operations.
INTRODUCTION
Whenever we lack information about which state a quantum system is in, its description is that of a mixed state. Analogously, if we do not know what channel a state is traveling in, at the output it will be mixed. In this context, the operation that decreases the purity of an input state is called "twirling".
Twirling finds interesting applications in quantum information, from entanglement distillation [1, 2] , to the study of entanglement measures [3] [4] [5] , distillability [6] , to particular techniques such as secret sharing [7] and others [8] [9] [10] . An analogous way of looking at the same problem is in the context of reference frames [11, 12] .
An interesting consequence of twirling is that states that appear different for the sender might be indistinguishable for the receiver. For this reason, twirling and superselection (the framework that describes the inability of measuring some states and operations) are deeply intertwined.
In this Letter we study how an operation applied by the sender is perceived on the receiving side, given any knowledge (even partial), of the channel connecting the two parties.
TWIRLING OF STATES
The framework that we consider is the following: Alice prepares a stateρ and sends it to Bob. The unitary channels that she can employ, U g , are parametrized by elements g of a group G. We call the state that Bob receivesσ, which can eventually be equal toρ. Bob, not knowing which of all the possible channelsρ went through, is forced to describeσ as a mixture, according to every possible channel:
where w(g) is the probability density over the channels, and it is this function that encodes Bob's knowledge about which channel Alice might be using. We indicate this operation by T w , with the subscript reminding us that it depends on the probability density w(g).
We have two limiting cases: the case of complete knowledge, where w(g) = δ(g −g) for someg ∈ G, and the case of minimal knowledge, where w(g) = 1. In these limiting cases Bob receives either the pure state
In the general case of partial knowledge, Bob receives a partially mixed state, effectively obtained from the initial state by multiplying its offdiagonal entries by numbers of modulus not larger than 1: the representation of G on the state space, being unitary, induces a Fourier transform, or a Fourier series, of w(g) on the manifold that underlies G.
As a simple example consider G = U (1), the twirling of a density matrix in the eigenbasis of some selfadjoint operatorL is
The numbersw m−n are the Fourier coefficients of w(g), so only the diagonal is always safe from alteration, as w 0 = 1. The net effect is that in general the purity of the state that Alice sends, which initially is m,n |r m,n | 2 becomes m,n |r m,n | 2 |w m−n | 2 , so as |w m−n | 2 ≤ 1, it cannot increase, and in general it is reduced.
We show now some properties satisfied by twirling. The first property is that sequential twirlings can be composed. The second property is that twirling behaves in an associative way, i.e. (T w ′′ T w ′ )T w = T w ′′ (T w ′ T w ). To avoid clutter in the equations, we omit the symbol "•", with the rule that the writing AB means "A after B".
Let's consider the composition of two twirlings T w T w ′ and check if it still corresponds to a twirling T v for some probability distribution v(g). Using the properties of the Haar measure, it is easy to see that it is the case, by explicitly calculating v(g):
So the composition of the two initial twirlings is equivalent to a twirling with respect to the probability distribution
Eq. (5) is the definition of convolution on a group, and it always yields an allowed probability distribution. Therefore we have the composition rule
where the symbol " * " means convolution on the group G. Now we can easily prove associativity:
where we used the composition rule (5) and the fact that convolution is associative, so as a consequence also twirling is.
TWIRLING OF OPERATIONS
Alice now modifies a copy of her state via a quantum operation O before sending it to Bob: 
If Bob knew the channel employed, w(g) would be a delta function centred on a specificg, and it would be one of the limiting cases, T δ = Ug. In this case applying O ′ would be equivalent to applying the following sequence:
Ug−1 to turnσ intoρ, then O to obtainρ ′ and finally Ug to obtainσ ′ . Put simply,
This is rather trivial, as T δ , corresponding to a unitary transformation, is invertible. The real issue that we want to explore is the assignment O → O ′ for a general probability distribution w(g).
To go through the discussion, we employ a decomposition of Alice's operation into four parts, exploiting the matrix representation of the density operator. A quantum operation can be written in terms of Kraus operators:
The linearity of the Kraus representation allows us to split the density matrix into a diagonal matrix,d, and a vanishing-diagonal matrixf via two operations D and
). Equivalently, we have two contributions to the final result:
where OD[ρ] and OF [ρ] produce, respectively, the matrices m 1 and m 2 , such that
Note that in general neither of m 1 or m 2 are proper quantum states, but this is not of our concern as their sum is always the proper quantum state at the output of O.
The reason for this decomposition is that it allows us to study the effect of twirling on the two contributions separately:
A diagonal matrix is left unchanged under any twirling, i.e. T w D = D, so we can represent the twirling of a diagonal matrix with an arrow on itself.
With reference to the first diagram in (14), obtained by applying the map D to the initial stateρ, we immediately obtain the commutativity relation O ′ T w D = T w OD, with no additional restrictions onρ or on O. The second diagram, instead, obtained by applying the map F to the initial stateρ, induces a restriction on the kind of operations O that allow commutativity: here the twirling has to be at least partially invertible.
If we consider the twirling action on the entries of a density matrix, eq. (2), we see that we can retrieve individual off-diagonal entries wherew m−n = 0 by entry-wise multiplication by the inversew −1 m−n . We refer to the action of inverting the twirling wherew m−n = 0 as partial twirling inversion and we indicate it asT −1 w . In a nonideal situation, the condition should be generalised to |w m−n | ≥ b where b is a lower bound determined by the experimental conditions. Note that twirling is generally not invertible, and that partial twirling inversion is not a positive operation.
From the points raised above, we see that the second diagram in (14) commutes if the final result T w [m 2 ] is independent of the entries off that are irremediably lost after the twirling T w . We can annihilate only those entries by applying the map (T −1 w T w ), and create the requirement for commutativity:
w . We can confirm that commutativity of the first diagram does not imply any restriction, as
w T w )D is always satisfied. This means that the commutativity requirement of the second diagram is equivalent to
The other consequence is that the commutativity of both diagrams in (14), together, imply commutativity of the diagram (10):
as it should be, and our proof is complete. We are now ready to state the following theorem: 
Proof. See above discussion.
We point out that the matter of distinguishability of operations is an interesting and closely related issue: the assignment O → O ′ in general is not injective, so there might well be a many-to-one assignment, in which case Bob identifies operations that are different for Alice. This is an issue that has to be addressed in matters regarding superselection.
Another issue that we should mention regards the state-dependence of the commutativity condition: one could just consider states that already lack enough coherence so that partial inversion of twirling is enough to retrieve the initial state. We have that for those states (T −1 w T w ) = id, so the representability condition is always satisfied, which means that whatever O Alice chooses, there will be an allowed choice of O ′ for Bob. However, one should be careful, as the states that make this possible can be quite dull (an example could be randomly rotating a state to make it rotationally invariant). On the other hand, particular instances of this issue might still be interesting: for instance if w(g) is such that twirling affects coherences between particular sets of eigenstates, employing states that do not exhibit such coherences can be beneficial, as they can still maintain coherence between all the other eigenstates, in a decoherence-free subspace fashion.
Example
As an example, we work out the representation of an operation in case of minimal knowledge w(g) = 1, inducing a total twirling T and compare it to a previous result [11] . In this extreme case, all Fourier coefficients are zero apart from the zeroth one (which acts on the diagonal elements and its value is 1), so T is the least locally invertible twirling, and it's equivalent to D, so we can conveniently replace any occurrence of D with T . Commutativity of the first diagram in (14) means O ′ T = T OT . Then, notice that as (T −1 T ) = T , the commutativity requirement is T O = T OT , so the commutativity of the first diagram implies commutativity of the total diagram (10):
This result is exactly the same that would be reached by applying the prescription in [11, 12] . In that reference, in case of total twirling, an operation O is prescribed to be mapped to
However, we aim now at showing that this prescription is not as universal as it was intended. Considering the following diagramρ
we can look for the requirement that makesσ
Soσ ′ =σ ′′ and the diagram commutes if T OT = T O. To no surprise, the commutativity condition is the same that we found by applying the theorem to the example.
However, in the reference [11] , the authors omit it, and one is lead to believe that any operation O that Alice performs always has a corresponding operation O ′ for Bob.
It is even more instructive to explicitly show a counterexample to the operation assignment (16). Consider a qubit state, and a total twirling generated by rotations around theẑ axis. The operation that we use as counterexample needs to violate the requirement T OT = T O. An example is a rotation aboutx (of an angle θ = kπ). With reference to diagram (17), we have (remember that T annihilates the off-diagonal values)
for some angle θ. Instead, if we proceed thorugh the diagram the other way, we obtain
So the prescription (16) fails in this case, i.e.σ ′ =σ ′′ , because the operation that we chose is not representable after the twirling, as it does not satisfy the commutativity requirement. We also see that a general rotation about x is representable after a totalẑ-twirling only for states that have ℑ(b) = 0, and this is an example of statedependent representability.
CONCLUSION
We have shown the composition rule and the associativity property of generalised twirling. Then, we have found the requirement for an operation O to be faithfully mapped to an operation O ′ under a generalised twirling. We have also shown that the results in [11, 12] which inspired our study, lack a way of telling which operations can be represented under a twirling. Under the framework established in this work, the same operations would instead be correctly identified as non-representable. These results can help characterise quantum communication schemes, or understand the resources needed to lift a superselection rule, or study implementations of data hiding protocols, and similar issues that are affected by or rely on a lack of knowledge.
